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Free surface and surface tension effects on submerged bodies
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SUMMARY

The Oseen problem for the steady motion of an object beneath a free surface with surface tension undar the
action of gravity is formulated. The Green’s tensor for the problem is used to convert the boundary value
problem to a coupled pair of integral equations for the stresses which the fluid exerts on the object. For the
special case of a flat plate, these integral equations are analyzed asymptotically for small velocities and deep
immersion. This yields a Fredholm equation of the second kind with Cauchy kernel, which has a well-known
solution. The results indicate the effect of surface tension on the stress singularities at the edges of the plate,
and modification of the lift and drag due to the free surface.

1. Introduction

The object of this study is to investigate the effects of a free surface and surface tension on a
moving body immersed in a viscous fluid. There is an extensive literature on the subject of
bodies moving in a fluid of infinite extent, but due to the mathematical difficulties involved,
very little work has been done with the free surface case. The results most closely related to the
present work were obtained by Dugan [1]. He treated the problem of a point force moving
under a free surface, which he then uses to obtain the equations pertinent to a submerged body,
under the hypothesis of negligible surface tension. Other results concern the lift and drag on
objects with and without fluid injection (extraction) in fluids of infinite extent. These may be
found in a survey article by Olmstead and Gautesen [2], together with an extensive bibliogra-
phy. Viscous and surface tension effects of a moving atmospheric disturbance were studied by
Wu and Messick [3].

The approach of the paper is to transform the Oseen equation problem together with
linearized boundary conditions to a pair of coupled integral equations for the stresses on an
arbitrarily shaped two-dimensional body. This is achieved by first obtaining the Green’s tensor
for the problem. One of the advantages of this method is that the stresses on the body can be
sought directly without having to solve for the velocity and pressure fields. When specialized to
the case of a flat plate, the integral equations are solved asymptotically under the assumption of
large immersion depth and low flow velocities. The results can then be compared with those
obtained for plates immersed in fluids of infinite extent.

2. Formulation of the problem

We consider the steady two-dimensional flow of a viscous incompressible fluid past a body %
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submerged a distance A below the free surface. The coordinate system is chosen such that the
x-axis corresponds to the undisturbed free surface. The domain occupied by the fluid will be
denoted by £2. The governing equations of the flow are taken to be the Navier-Stokes equations

V-w=0,
2Rw -Vw=-Vp+Aw, (x,y)€ . 2.1

The velocity w(x,¥) = ui + vj has been normalized by the reference value Q, taken to be the
minimum phase velocity for simple harmonic surface waves in a non-viscous medium,

Q = (4gT/p)"*. (2.2)

Here p is the fluid density, T the surface tension, and g the gravitational acceleration. The fluid
viscosity will be denoted by u. The Reynolds number R appearing in eq. (2.1) is given by

=p57Q

R %

2.3

where the length scale.Zis a characteristic length of the body and the factor 2 appears for
convenience. For the boundary conditions on solutions of eq. (2.1) we require that the velocity
and pressure assume the values for the uniform flow at infinity,

U,

W 60 i, p>0 as x2 4+ > 4oo, (x,7)EQ, 24

while on the body
w=0o0nZ, 2.5)

i.e. no fluid penetrates the body and no slip between body and fluid. On the free surface,
described by

y =n(x), (2.6)

the tangential stress is continuous, while the normal stress has a jump proportional to the
surface tension and mean curvature. For a Newtonian fluid, this yields [4] ‘

dn (du v dn\ 2] (B, W) _
2 ax (ay‘ax) * [1_ (dx) ] (ay+ax =0,

1 1 dn (du v ov d*n dn\ 2] 732
1 L4y (ou OV} O an 2.7
2P T (ay +ax) o T e T & (2.7)

ony =n(x).
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The constants k = pg &% */(2uQ) and 7= T(2uQ) are a Reynolds number and the non-dimen-
sionalized surface tension respectively. The requirement that no fluid particle cross the free
surface gives rise to the kinematic condition

an _ _ -
u— —v=0 on y=n(). 2.8)

For large immersion depth and low flow velocities, we expect the velocity and pressure
fields to be well described by the Oseen equation together with the linearized boundary condi-
tions known as the small amplitude approximation. More formally, by expanding the velocity
and pressure fields in a small parameter, say € :f/%

% i ew+0(o)
w=— 1+€W+0(€),

Q
p =ep+o(e), (2.9)
n =€n+o(e),

one finds that, to order €, eq. (2.1), (2.4)-(2.8) may be replaced by

V-w=0, y<0, (2.10)
2R a—w—— +Aw, y<0 (2.11)
ax - Vp s 3 .
wougRi, p>0 as x2 + % 5400, <0, (2.12)

ou oy

2 * o =0 on y=0, (2.13)
Lo 9 i) } i}

— 53 3t (k+ %3y —Tax2 v=0 on y=0, (2.14)

dan _ -

dx "R ony=0, (2.15)

w=0 onZ. (2.16)

The quantity u, in eq. (2.11) is given by uy = Uy /(RQ) and is supposed to be of order O(1) for
small Reynolds number R. It may be pointed out that, as with the usual Oseen approximation,
egs. (2.9) cannot be a uniformly valid asymptotic approximation as long as the boundary
condition w = O is envoked on the body.
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3. The Green’s tensor

The Green’s tensor E; for the system (2.10)(2.16) may be obtained from the vector
W(x,plxo,¥0) = Wii + W,j satisfying the equations

V-W=0, y<0,

2R Kl W=— VP +AW +1£5(x,yx0,v0), ¥ <0,

dx
W->0, P>0 as x? +3? 5 400, 3.1
LA LI .
y tox T OMYES
1 oP 02 02
—2—5 ( +axay —T'a;;)wz—o on y=0.

This system of equations describes the flow field induced by a point force
f=Ti+Aj 3.2)

located at some point (xo,¥o) within the fluid. For the special case f=i(i.e.I'=1,A = 0), W,
reduces to the tensor component £}, i € {1,2}. Similarly, the components £, ; are obtained by
setting f = j. The differential equations in system (3.1) admit the well-known Oseen solutions V
=TV, + AV, and P=TP, + AP, given by

1 X —Xo X —Xg )
Vieylxoyo)=— 5- 2 — Rexp (R(x — xo)) — KiRr) +Ko(Rr) | p 1
1 Y —JYo Y—=Yo )
-3 { g —Rexp (R(x - x0)) 7 — Kl(Rr)}L
1 Y —JYo Y—Yo .
Va(x,y1x0,50) = — P { 2 —Rexp (R(x ~ xo)) ; Kl(Rr)} 1
1 X — Xo X —Xo .
t 5 — R exp (R(x — xo)) Ki(Rr) —Ko(Rr) | ¢},
2n 72 r
R X—Xo
Pl(x9y|x01y0)= ; r2 >
R Y Do
P2(x1y|x0yy0)=—7? r2 ’

wherer2 = (x —x0)> +(y — 10 )*.
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It was shown by Olmstead [5] and Dugan [1] that a solution W, P of the system (3.1) may be
obtained by distributing the Oseen solutions on the free surface:

W(x,y ’xo,}’o) = FVvl (x,J’|x0,J’0) + AV’Z (xry le’yO)

+oo ' roe ' +oo ’ "o '
t [T aViey o)+ [ dxValeny X )oa (),
34

P(xryixO)yO) = FPI(X,}’lXO,}’O) +AP2(xyy|x0’y0)

+oo ' "o ' +eo ’ [ ’
v [ aP ey o)+ [T P (X )0 ),

where the unknown functions ¢, (x), 6,(x) have to be determined from the remaining bounda-
ry conditions in (3.1). Inspection of the integrals in (3.4) shows them to be convolutions.
Substituting eq. (3.4) into (2.13) and (2.14) and Fourier transforming over the x variable, we
obtain a coupled pair of algebraic equations

A (w)61(w) + A2(w)d2(w) = TA3(w) + Ady (W),

B (w)61(w) + By (W) (w) = T'B3(w) + ABa(w) (3.5)
for 6, (w) and ,(w). The carets denote Fourier transforms and the coefficients are given by

A(w) =R,

A2() = (w +i0)1/2 |:(in)1/2 - (w‘j—;%ﬁz—] :

Az(w) =i exp(icwxg) {—w exp(yo(w +i0)/2(w — i0)1/?)
+(w — iR)exp(ro(w +i0)/2 (o — 2iR)V?)},
Aa(w) = exp(iwxo) (w +i0)'/2 {~(cw —i0)*exp(yo (w +i0)"/*(w — 10)"/?)

+ (___w_;ﬁ exp(yo(w +i0)'/?(w — 2iR)"?},
w — 2

Bi ()= 5 w(w+i0)'/? {(w —2R)!? (f_;,lf)‘ﬁ} ’

k+71w?

1 - 1
(w +i0)!/? [(w — i (w-— 21'R)1/2} } ’ (3.6)

Bz(w)=% w {fR+
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1
Bi(w)= ) exp(iwxo) {[k + Tw? +i(w — iR) (w + i0)1/2(w - i0)1/2]
exp(Vo (w +i0)!/?(w — i0)'/?)
—[k + 760? +ic(ew +i0)/? ] exp(yo(w + i0)/2(w — 2iR)V?)},

By(w)= % exp(iwxp){ {w(w —iR) —i(k + 1w?) L;(;)L:g]

exp(yo(w +i0)"/%(w — i0)'/?)

1/
+ [—wz +i(k + 70?) (go%zl?RL)lj_?] exp(yo(w +i0)V?(w —2iR)1/2)} ,

where the notation (w—iO)l/ 2, (w+i0)/? js intended to keep track of the branch cuts which
run along the positive and negative imaginary axis respectively. The cut for (w—2iR)1/ 2 jsalso
taken along the imaginary axis. For R# 0, system (3.5) may be solved for 6, (w) and &, (w),
thereby obtaining the solution (3.4) of the Green’s tensor problem in the form

W(x,y |x0:y0) = 1—‘Vl (xry |xo,J’0) + AV2 (xry |x0’y0)

1—1 + oo A + oo
+ T Re _/; dwM; (wx,y1x0,¥0) + T Re _/; dwM, (w,x,y1x0,Y0),

3.7)
Pxylxo.yo)=TPi(xy|x0,V0) + AP;(XJ’ |x0.¥0)

F + o A + o0
+ 5 Re fo dwNy (wxy Ixe o) + o Re fo dwN; (wx,y1x0Y0),
where the integrals describe the free surface effects. The integrands are given by
Mg = My, i +Mg,j, 2 {12}, 3.8)

where

w(w — iR)?

My =— ’21‘ exp(—iw(x — xg)) {exP(*U’ +Yolw) [1 -2 _“"W:'

1/2 -py1/2 py1/2
: w “(w —2IiR w —2iR
—exp(—|y + Yo lw!(w — 2iR)V?) [1 + 2w ( ) ) ] ( 1/2)

/20, ., ~:py1/2
+ exp(—lylw — Iyolw!*(w — 2iR)'/?) [2w(w—iR)w (130(w)21R) ]
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M12=

My =

Ny

1 /2 -5 172
+exp(—lyolw — lw!*(w —2iR)?) [2w(w-m) = (B)(;)M) ]}

w(w — iR)? ]
D(w)

— 2 exp(—icr(x — xo)) { exp(—ly + vt 12

, W (w— 21'R)1/2:|

—exp(=1y +yolw'?(w — 2iR)'?) [1 +2w Do)

+exp(-ylw — lyolw!/?(w — 2R)'?) [20)2 (wTEg)QJ

12¢,,  :ip\l/2
+ exp(—Iyolw — ylw'*(w - 2iR)"/?) [2w(w—iR)w (w — 2R) ]}

D(w)
1 . | | [1 5 w(w —iR)2:|
3 expCiots —xo)) {exa(-b+yok) 122 g

2 w'w - 2iR)1/2]

—exp(—Iy + yolw!?(w — 2iIRY?) [1 +2w D)

W w - 2iR)1/2:|

+ exp(—[ylw — yolw'*(w — 2iR)Y?) [2w(w —iR) D)

+exp(—Iyolw — ylw!?(w — 2R)!/?) [20)2 (L—i)] }

D(w)
- é exp(—iw(x — xo)) {eXPHy +¥olw) [1 -2 %ﬁ]
—exp(—1y +yolw'?(w — 2iR)!/?) [1 + 207 w1/2(g(;)2iR)1/2:| (w —wzlz;)‘“
+ exp(—lylw — lyo o'/ (w — 2iR)'/?) [2w2 %%ﬁl]

+ exp(—lyolw — vl (w - 2iR)"/?) [20.»2 (%Eiﬁ] } :

P2
iR exp(—iw(x — xo)) {exp(*b’ +Yolw) [1 -2 (ﬁ_(%—(i)l—)@—}

+ exp(—1ylw — yolw'?(w — 2iR)'?) [2w(w —iR) “’1/2(;)(;)2"‘?)1/2 ] }’ ,
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Ny =R exp(—iw(x — xo)) {exp(—ly + Yo lw) [1 ) M]

D(w)
+ exp(—Iylw —dyo lw ¥ (w — 2iR)?) [2w2 (‘”l)(‘—wi;”] } , (3.9)

where the denominator
D(w) =R(k + 170?) + w(w - iR)? — wrw"?(w — 2iR)?. (3.10)
The shape of the surface wave is obtained from eq. (2.15):

n(x) = ui—ﬂ Re f0+°° des 3‘%%’;5"—) {exp(—1o 1) [ — iR)T +i(w — iRYA]

+exp(—1yolw'?(w — 2iR) ) [w"?(w — 2iR)Y2T — iwAl}. (3.11)

The special case of zero surface tension was obtained by Dugan [1]. The limit as y, tends to 0~
describes a delta function stress on the free surface. The case of a delta function pressure
disturbance (I'= 0 and A = —P,) was obtained by Wu and Messick [3] by a different method,
which provides a check on the analysis so far.

4. The submerged plate

By distributing point forces f(xg,v0) = ['(xo,¥0)i + A(xo,¥0)j along the body surface Z, the

Green’s tensor may be used to express the velocity and pressure field for the submerged body
problem (2.10)-(2.16) in terms of the unknown stresses on the body:

w(x,y) = uoRi — j;: dsoT(x0,¥0) {Vl (xy1x0.,¥0)
1 hee
— ;Re fo del(wrxJ’bCoJ’o)}
1 +ee
— [, dsoAGoro) { Valxwlowe) - ~ Re [ deMy(wxylxoe)},
“.D

1 tee
p(xy)=— j;: dsoT (x0.Y0) {Pl (xylx0.Y0) — P Re j; dle(wrxJ’|on’o)}

1 toe
- j;: dso A(xo,Y0) {Pz (xylxo.0) — p Re j; dwN, (wrxJ’|on’o)} >
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with the variables x4, ¥, parameterized by the arclength so . The corresponding surface wave is
given by

A = [l Gorore [, do 951‘—;((12’—;‘) [(@ - iRYexp(~1o 1)

— (e — 2iRY?exp(—yolw!?(w — 2iR)Y)]

- r g S Ry~ o)
upm fEdSoA(Xo,J’o)Re ﬁ) “ D(w) —i(w —iR)exp(~lyo lo

+ iw exp(—[yo lw!*(w — 2iR)?)).

Application of the remaining boundary conditions (2.16) on the body surface to equation (4.1)
gives rise to a pair of coupled integral equations which may be solved for the stresses.

In particular, for a plate of length 2 Y immersed ata depth i = %,gin non-dimensional
coordinates, and inclined at an angle -- %<6 <% with respect to th: x-axis, the resulting

integral equations are

+o0

1
R
uoR = f_ldfor(fo)[Vu(fl,fo)‘*'?Re fo dQM,, (2,14 ,t)]

1 R +oo
f_ldl‘of\(fo)[Vn(ll,fo)‘*'?Re fo dQM (2t ,80)],

+
(43)
1
R +eo
0 = f_ldfor(lo)[Vzl(ll,fo)"';‘Re fo dQMy (82,t1,10)]
1
R *e
+ fﬁldloA(fo)[sz(fl,lo)"'?Re fo dQMy (2,11 ,00)],
where the variables of integration are
w
Q= 7
x;=1;cos0, (44)

y;=t;sinf - h, ie{0,1},
so that the variables ¢, measure stress along the plate. The net stresses at some points ¢, are given by

D(to) =T ((x0(Z0),¥0(10)) + T _(xo(20),¥0(20)),
Alto) = A (xo(t0), ¥0(t0)) + A_(x0(t0), Yo (t0)),

(4.5)
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where the plus and minus sign indices refer to the upper and lower face of the plate respective-
ly. The functions V,.].(tl,to),Mi].(tl ,to) are the components of the vectors Y; and M; of eq. (3.3)
and (3.8) rewritten in the new variables. No explicit inverse for eq. (4.3) is known, but it is
possible to do asymptotic expansions of the kernels for low Reynolds number flows and large
immersion depth. By the method of steepest descents, only the critical point at the origin is
found to contribute to the lowest order term for low values of the surface tension such that 7 <
1. The system of eq. (4.3) reduces to

1 2 . 1
f_ldtoF(to)intl — tol=2muy + (Qn R —7+00526)D+ (sm6 cosf — _ﬂ) L

+O(R 8n R) + o((Rh)?),

(4.6)
! : 1 2
f_l dtoA(t)nlt, — tol= (sm 0 cos@ + 27!7) D+ (Qn R —00526) L
+OR WM R) +o((Rh)™),
where D and L, the drag and lift exerted on the plate, are defined by
1 1
D= [ dtl(t), L= [ dtoAlto) (47

respectively, and y = .577... is Euler’s constant. Equations (4.6) are known as Carleman equa-
tions. Their solution is given by

r(z):% -2V, A@) = % (1 -2)"12, (4.8)

with

n 4 —7v —cos?8

R
D=27TUO 2 2>
(Qn 4 —7) —cos?0 + (L)
R 2Rh
(4.9)
—sin @ cos§ — ﬁ
L =27Tu0

(o & =1) " o (gh) ©
[ _ - L
n v cos“f + (2Rh)

In the limit as the immersion depth goes to infinity, these expressions reduce to

PoTEN
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n % — 7y —cos?f

Doo = 21Tu0 2 s
4 2
(Qn R~ 7) —cos“0
(4.10)
L =2muq ; sin 8 C(;S 0 ,
(Qn R ) —cos?§

which are identical to those given in Olmstead and Gautesen [1] for the forces experienced by a

flat plate moving in a fluid of infinite entent.
For surface tension in the range 1 <7 < kR2, with 7 < kh?, additional terms appear in

the asymptotic expansions of eq. (4.3). These now become

1
k 2
f—ldtOF([O) [in[l - [0'*277 R202 H(tl —[0)] = —27Tll0 + (Qn _R5' —7+C0526) D

L +O(R ¢ R) +o((Rh)? ,k(Ro)™?),

. 1
+ (sm@ cosf — W)

1 i (4.11)
ﬁldfo/\(fo) [intl —to|—2m Rig? H(ty —to):| = (sin() cosf + _ZRh) D

+ ( n 1% — v —cos?f ) L+OR NR)+0o((RM)?,k(Ro)™),

with solution

‘ 27,2 -1/
F(t)=D(1r2+47Tk ) 12(l—t)*”(1+t)”",

(Rr)*
4 212 —1/2
M= (7 oy ) omrar -, (412)
1 R2 2
p= ; arctan T

The lift and drag are given by

on 1%— +¢—y —cos?f

D=27TUO 3 7
(Qn Z+c— ) —cos20 + (—1——)
R v 2Rh (4.13)
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. 1
—sinf cos§ — RA

(Qn 2 tc— )2—c0320+ —l——)
R l 2Rh

L =27Tu0 3

4 =_7_‘Qn2_d/(p)»

where { is the digamma function.

S. Conclusion

Comparing eqgs. (4.9) and (4.10), we see that the drag in a semi-infinite fluid in the low
Reynolds number regime is less than the drag for an infinite fluid. This would indicate that the
energy stored in the surface wave is less than the energy stored in the additional fluid above the
curve corresponding to the free surface when the fluid is infinite. This is the opposite of the
results for the high Reynolds number regime, where the drag in the semi-infinite fluid is known
to be larger than the drag in the infinite fluid.

We also see that the lift is enhanced by the presence of the free surface. This can be
explained as a tendency of the fluid to pass underneath the body rather than between the body
and the free surface.

In the large surface tension case, the character of the singularities at the edges of the plate
are altered, the singularity at the leading edge becoming more pronounced compared to the low
surface tension, while the stress at the trailing edge becomes correspondingly less singular.

The Green’s function method used is readily extended to the case of a body capable of
injecting or extracting fluid from its surroundings. The results are similar to the expressions
obtained above and reduce to the infinite fluid results given in [2] in the limit of infinite
immersion depth.
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